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Abstract—THIS PAPER IS ELIGIBLE FOR THE STUDENT
PAPER AWARD. This paper proposes the progressive algebraic
soft decoding (PASD) for Hermitian codes. The decoding is
formulated as finding a Grobner basis of the interpolation module
that contains the interpolation polynomial. By analyzing the
algebraic structure of the interpolation module basis, size of the
submodule basis can be progressively enlarged. This yields a
progressive interpolation that can adapt the decoding complexity
to the channel conditions. Our analysis shows that the proposed
PASD can reduce the average decoding complexity compared to
the prototype algebraic soft decoding (ASD).

Index Terms—Algebraic-geometric codes, algebraic soft decod-
ing, basis reduction, Hermitian codes

I. INTRODUCTION

Algebraic-geometric (AG) codes are linear block codes
constructed based on algebraic curves [1]. AG codes comprise
a large family, including Reed-Solomon (RS) codes, elliptic
codes and Hermitian codes. Among them, RS codes can
be considered as a special case of AG codes, as they are
constructed from a straight line. However, length of an RS
code cannot exceed size of the finite field in which it is
defined, limiting its error-correction capability. Compared with
RS codes, general AG codes have greater codeword lengths,
inheriting stronger error-correction capabilities.

Similar to RS codes, AG codes can be decoded by the
syndrome-based decoding algorithms [2, 3]. However, they
cannot correct errors beyond half of the code’s minimum
Hamming distance. By formulating the decoding as a curve-
fitting problem, the Guruswami-Sudan (GS) algorithm can
correct errors beyond this limit [4]. The GS decoding consists
of interpolation and root-finding, where the former domi-
nates the complexity. One approach to realize interpolation
is through Kotter’s algorithm [5] which constructs the inter-
polation polynomial in an iterative manner. The interpolation
polynomial can be seen as the minimum candidate of the
Grobner basis of an interpolation module. Consequently, it can
be obtained through a module basis construction and reduction.
The basis reduction (BR) for GS decoding of RS codes was
first proposed in [6]. It can be generalized to decode other AG
codes, such as Hermitian codes [7] and elliptic codes [8, 9].
Although GS decoding has a better error-correction capability,
its interpolation remains computationally expensive. It can be
facilitated by transforming the received word to another one
that contains more zero symbols. This is called the re-encoding

transform (ReT). It was first introduced for RS codes [10] and
recently generalized to decode general AG codes [11].

The error-correction capability of GS decoding can be
improved by utilizing soft information obtained from the
channel output rather than hard-decision symbols. Based on
formulating test-vectors and exploiting their similarity, the
low-complexity Chase (LCC) decoding was developed for RS
codes [12] and elliptic codes [13, 14], respectively. For Her-
mitian codes, LCC decoding was first introduced in [15] and
later improved in [16]. The algebraic soft decoding (ASD) is
another approach that enhances the decoding performance by
transforming soft information into interpolation multiplicities.
It was first proposed for RS codes [17], and later extended for
decoding Hermitian codes through Kotter’s interpolation [18]
and the BR interpolation [19], respectively. Following these
developments, the BR interpolation-based ASD of elliptic
codes was proposed in [20]. Although ASD yields substantial
decoding performance improvements, its complexity remains
high. Recent research [20, 21] shows that the ReT can facilitate
the ASD of elliptic codes and Hermitian codes. Progressive
interpolation was first introduced for the ASD of RS codes
from another perspective, aiming to adapt the decoding com-
plexity to the channel conditions [22, 23]. In the paradigm
of BR interpolation, it can be realized through progressively
enlarging size of the submodule basis until the intended
message is decoded [24]. However, progressive interpolation
has not been considered for AG codes, due to the challenges
in its mathematical handling over function fields of algebraic
curves.

This paper proposes a progressive algebraic soft decoding
(PASD) for Hermitian codes. By analyzing the algebraic struc-
ture of the module basis, the proposed PASD progressively
constructs the interpolation submodule basis, thereby adapting
the decoding computation to channel conditions and reducing
the average complexity. This progressive interpolation can be
further simplified by employing a reduced basis. Complexity
analysis shows that the proposed PASD reduces the average
decoding complexity compared to its non-progressive proto-
type, i.e., the algebraic soft decoding (ASD).

II. BACKGROUND KNOWLEDGE

This section presents the background knowledge of Hermi-
tian codes, the GS decoding and the ASD.
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A. Hermitian Codes

Let F; = {00,01,...,0,5_1} denote the finite field of size
g, where g is a square as required for Hermitian codes. Let
IF;[X, Y] denote the bivariate polynomial ring defined over IF,.
An affine Hermitian curve defined over IF, is given by

Hp =YY +Y - X¥H1, (1)
where w = /g and the curve has a genus ¢ = w(w —1)/
2. There are w3 affine points Pé = (xjy;) satisfying
Hw(x]-,y]-) =0, where 0 < j < w’ — 1, along with a point
at infinity Peo. Let P denote the set of w3 affine points. The
coordinate ring of Hy, is

R=Fg[X, Y]/ <Y’+Y—- X" >, )

Let x and y denote the residue classes of X and Y, respectively.
The pole basis L comprises a set of bivariate monomials
¢Pa(x,y) = xixyly, where iy,i, € IN. For a nonzero polyno-
mial S € R, its order at a rational point P is denoted as vp(S).
Let vp,_ (¢, !) denote the pole order at Ps and vp_ (¢, 1) =
vp, ((xy")™Y) = w iy + (w+1) - iy, where 0 < iy < w
and i, > 0. Monomials of the pole basis exhibit an increasing
pole order as L, = {¢a|vp, (1) < vp, (4);_&1)} Let n and
k denote the length and dimension of the code, respectively.
Let y = k+g—1 and L(yPs) is the Riemann-Roch space
defined by y and Pe. For an (n,k) Hermitian code, given a
message polynomial

f(x,y) = fopo+ fig1 + -+ frm1dr—1 € L(4Ps), (3)

where fo, f1,...,fr-1 € IF; are the message symbols, the
codeword ¢ € IFZ is generated by

c=(co,c1,---,cn1) = (f(Po), f(P1),..., f(Pu-1)), (&)

where {Py, Py, ...,P,_1} C P. For an integer a > 0, define
[a]) ={0,1,...,a — 1}. Thus, the index set of ¢ is [n].

B. The GS Decoding

For GS decoding of Hermitian codes, the following Defini-
tion is needed.

Definition I: Let R[z] denote the polynomial ring defined
over R. Monomials (puzb € R|[z] are ordered according to
their (1, w,)-weighted degrees as

degy . ¢az’ = vp, (¢ ") + w2b, (5)

where w, = vp,, (47,:_11) The (1,w;)-reverse lexicographic
(revlex) order can be established as follows. Given two
monomials ¢g,z" and ¢,,z%2, ord(¢q,z") < ord(¢s,z"),
if deglrwz%lzbl < deglrwz(puzzh?, or degl,wz‘f’alzbl =
deglrwz(pazth and by < by. Given a polynomial Q(x,y,z) =
Yopen QavPa(x,y)z0, the (1, w.)-weighted degree of Q is
deg; ,.Q = max{deglrwz(puzb | Qu # 0} and its leading
order is 1od(Q) = max{ord(¢,z") | Qu # 0}.

In decoding an (7, k) Hermitian code, polynomials are orga-
nized under the (1, w;)-revlex order. Given two polynomials

Q1 and Qp, we claim Q7 < Qo, if lod(Qq) < lod(Q7).

Let w = (wo, w1, ..., wy_1) € IFy denote the received word.
Interpolation points can be formed as

P:{(Po,a)o>, (Pl,wl),...,(Pn,l,wn,l)}. (6)

Theorem 1 [4, 7]: Given a polynomial f in the form of (3)
and polynomial @ which has a zero of multiplicity at least
m over the n interpolation points, if m(n — [{j | f(P;) #
w;,j € []}]) > degy., Q. Q(x,v, f) = 0. or equivalenty
(= f)1Q

Interpolation constructs the polynomial Q. The z-roots of
Q are determined as the estimated message polynomials.

C. The ASD and Its BR Interpolation

This subsection introduces the ASD, which offers a flex-
ible multiplicity assignment for improved utilization of soft
information. We begin with the reliability transform.

1) Reliability Transform: Assume that a codeword ¢ is
transmitted and ¥ = (rg,71,...,7y—1) is the channel output. A
reliability matrix IT € R7*" with entries 71;; = Pr(r; | ¢; =
0;) can be obtained. Let ! denote the designed maximum
decoding output list size (OLS). Parametrized by [, IT will
be transformed into a multiplicity matrix M of the same size,
whose entries m;; € Za' specify the multiplicity assigned to
the point (Pj,0;). Let i; be the index such that 0j; = c;j. The
codeword score of M is defined as

n—1
sm(c) = ) mi. (7
j=0

2) Interpolation and Root-Finding: Let mult(I;j,Ui)(Q) de-
note the multiplicity of polynomial Q at point (P;, ;). Given
M, the interpolation module Zy; ; can be defined as!

Im ={Q € R[Z] | mult(p, ) (Q) = m;j and deg Q <
for0<i<g—1,0<j<n-—1}.
Given M, interpolation aims to construct the minimum poly-

nomial Q in Zyy ; with respect to the (1, w;)-revlex order.
Theorem 2 [19]: Given a polynomial f in the form of
(3) and the interpolation polynomial Q € Zyq , if spm(c) >
deg; ,. Q. Q(x,y,f) =0, or equivalently (z — f)|Q.
Polynomial Q can be determined by BR interpolation. It
first derives a series of intermediate multiplicity matrices from
M. Letyy = max]-{):;.to1 mi;}. These intermediate multiplicity
matrices are denoted as M(”), where u = 0,1,...,%. The first
matrix is set as M) = M. Let i) =

j
Matrices M(1>,M(2) el

arg maxi{mfju) }.
M) are determined sequentially,

with their entries mgjl),mi(f),. .. ,mgﬂ updated by
(u+1) ml(.”) -1, ifi= i(”) and ml(-u) #0,
Moo= (]u) . .](u) (]u) ®)
M’ ifl;ézj or my; =0.

'The interpolation module Im,; is a submodule of the free module
R|[z];. In the sequel, the term submodule (of this interpolation module)
refers specifically to those submodules of Zy ; that correspond to different
intermediate multiplicity matrices M(®).
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Definition II: Given J C [n], A(J) = {x; | j € J}. For
ceA(T), Bo(T)={yj | (o,yj) €P, je T}

Given an affine point index set J C [n], the following

polynomial can be defined
X—u

y—B
X T e (T ¥ TP

Lgi(x,y) = ©)

aeA(D)\{x}

It satisfies L7 ;(P;) = 1 and L7 ;(Py) = 0, for all distinct

j,j € J. Let ) = (w(()u),wgu),...,w}(lu_)l), where w](u) =

0 ). We define the following polynomial
j

Ky (69) = ¥ Ly i(xy). (10)
jeln]

Note that K ) (P;) = w](u) Let m]( - maxl{m] }, and
Enpw) beanldealmRaSE w = {S€R|Vp( ) >
(- ), for all j}. To compute Enw» Pj is reassigned to Py
where 4 = |j/w| and b = j mod w. Subsequently, let
(ub) = m]( “) For each g, index b is arranged such that v{gub)

are arranged in decreasing order as
oig 2ol 220l an

Given B( " e IFg[x] satisfying vp,, (y — Bl(7 C)) > vg b) - vg C),

we further define the following polyn0m1a1 as the generator
polynomial of &,

i (1) u
Tuc(xy) = [[x—a)™ T w-By) a2
a=0 0<b<c—-1

where 0 < u <7 and 0 < c < w — 1. The basis of Zy; ; can
be generated as follows.

Theorem 3 [19]: Tjp | can be generated by

u—1

M= {Mu,c | Mu,c = Tu,c H(Z —
r=0

The following Lemma shows that module I (u-1),; can be
constructed by Z,, )l together with the ideal 8 (u-1)

K, )} (13)

Lemma 4 [19]: leen two intermediate multlphclty matri-
ces M(#=1) and M(®),

IM(u—l)’l = IM(z/),l(Z - K (u—1) ) + g 1) (14)

Consequently, the submodule basis can also be constructed
progressively. After the basis construction, the Mulders-
Storjohann (MS) algorithm [25] can be applied to reduce M
into a Grobner basis, from which the minimum polynomial is
chosen as the interpolation polynomial 2. Then, the estimated
message polynomial fest is obtained by finding z-roots of
Q. This can be realized by the recursive coefficient search
(RCS) algorithm [26, 27]. If there are multiple z-roots, the one

2Although there are other algorithms that have better asymptotic complex-
ity, the MS algorithm is more efficient for handling codes of practical length.

whose corresponding codeword yields the minimum Hamming
distance to w will be chosen as the decoding output.

III. PROGRESSIVE BR INTERPOLATION

This section presents the progressive BR interpolation. It is
substantiated by the progressive submodule basis construction
and its subsequent reduction.

A. Progressive Submodule Basis Construction

To realize the progressive submodule basis construction, the
following Definition is needed.

Definition III: For integers a and b, the function A, is
defined as
ifa="o,
h (15)
otherwise.

Let M and M’ denote two multiplicity matrices where their
entries 71;; and mfj satisfy

M —

I )

Mij = { }

ml]/
where i; = argmax;{m;;}. Recall that &y is an ideal in R,
ie. &m = {S € R | Upj(S) > m;}. Let Ty, denote the
interpolation module with respect to M’. Note that Iy, is

a submodule of Ty ;. The following Lemma shows how to
construct the basis of Zyy ; using the basis of Zyy ; and Ev.

1, ifi:ij and m,'j 750,

16
ifi #i; or myj=0, (16)

Lemma 5: The interpolation module Zyy ; is generated by

M = {Mu,c = Au,OTu,c

17
+ (1= Buo) My g0 (z— 4

K, o)}

where M{l,c is the submodule basis polynomial of Zyy ;.
Proof: Based on (13), if u = 0, Mo, = Ty, If u # 0,

based on (16), we have

u—1)

/D — M), (18)
Let /") = arg max; {m] } and m'W = = max;{m’ ])}.
Further let &y denote an ideal in R, ie. & ,u) = {§ €
R | vp,(S) = w'{")}. Based on (18),
EM/(ufl) - EM(M)' (19)
Their generators defined in (12) satisfy
Tt = Tue: (20)
Let w’](.”) =0, and W' = (w’(()”),w’gu),...,w’,(ﬁ)l). The

following polyrjlomial can be further defined as

K, =) w Ly, i(%,9)- 1)
B j€n]
Since g’“‘fl) = w®,
K w1 =K, w (22)

Authorized licensed use limited to: SUN YAT-SEN UNIVERSITY. Downloaded on September 09,2026 at 01:45:36 UTC from IEEE Xplore. Restrictions apply.



Therefore,
u—2
it—l,c = TL/l—l,C H(Z - KQ(’))
M—;_O (23)
=Tyue H(z — KQ(,)).
r=1
Based on (23), if u # 0,
u—1
My, = Tu,c ;Q)(Z Kg(’)) (24)
=M, 1. (z=K,0)- 0

Lemma 5 can also be generalized to the submodule basis
construction of M (=1 This generalization is given in the
following Corollary.

Corollary 6: For 1 <u<n—-1,0<u' <y —u+1and
0 < ¢ < w — 1, the submodule basis M #~1) with respect to
M®=1) can be generated by

MO = (MUY = Ao Ty e

u',c

+ (1= Ap oMY Lz

u'—1,c

(25
Kw(ufl) )}

Lemma 5 and Corollary 6 imply that the submodule bases
can be constructed progressively. Thus, we do not need to
perform decoding directly for M. A series of intermediate
multiplicity matrices M®) are generated based on (8), where
u=20,1,...,7. Since M) is an all-zero matrix, the submod-
ule basis with respect to M1 denoted by M=) can first
be constructed as in (13)°. The MS algorithm is applied to re-
duce this basis into a Grobner basis, where Q can be obtained.
The estimated message polynomial is determined by finding
its z-roots. If this step succeeds, the decoding terminates and
delivers its output?. If the decoding fails, M (7~1) is applied to
construct M (7=2) using (25). The subsequent basis reduction
and root-finding will be performed. This progressive iteration
continues until either decoding succeeds for some M®), or
decoding fails for M(O), (i.e., when the maximum number of
progressive iterations is reached). When channel conditions
improve, the decoding can succeed with fewer interpolation
constraints and terminate early.

B. Progressive Construction Using Reduced Submodule Basis

In the progressive interpolation described above, generating
M=) requires storing M (#), which incurs additional mem-

ory cost. Let @) = {91(;1} denote the reduced Grébner basis

derived from M (). The following Lemma further reveals that
M#=1) can also be generated based on @),

3The PASD is presented as starting from M(~1) to maintain generality
across all multiplicity assignment methods. For some methods (e.g., Algorithm
A of [17]), decoding may not succeed immediately at this stage due to
weak constraints. Similarly, the maximum number of progressive iterations is
determined by the specific multiplicity assignment method and may exceed /.

4Decoding succeeds if the codeword yielded by the estimated message
polynomial satisfies the maximum likelihood (ML) criterion [28, 29].

Lemma 7: The submodule basis M~1) with respect to
M =1 can be generated by

_ -1
MUY = (MUY = Ao Tyt
+ (1 - Au/,O)G,Stlzllc : (Z - Kg(ufl))}'

where 1 <u <7n—-1,0<u/ <y—u+land0 <c<
w—1.

(26)

Proof: Since all basis polynomials 93,4)_ 1o in e satisfy
mult(p],ﬂi)(B(u) ) > m,

u'—1,c ij
(u—1) (u)
mult(p gy (2 = Kyw)) = my " —my; 27
and ) (4-1)
u u—
mult(p]_,a]_)(Gu,fllc(z — Kg(,,fl))) > mij . (28)

Therefore, M (“~1) belongs to the module defined by M1
We continue to prove that M (“~1) is the submodule basis
with respect to M1 For any polynomial Q in the module

defined by M(#~1),

n—u+1
Q = Z Q[S}Zs, (29)
5=0
where Q[ € En(s)- There exist g((f),ggs),. ) .,C&fil € Fy[x],
such that )
Qy= Y (9T (30)
c=0
It enables
w—1
QU =o- e M, 6D
where deng(”_”) < #®—u. Again, there exist
L0 200 00 ¢ R ot that
)y (u-1)
Q(W—u—l) — Q(W—M) _ ZO 5C’7 M;y—u,c’ (32)

where deng(’F”*l) < 1 — u — 1. This deduction continues,

leading to the existence of @él),dl),. ..,Cz(ulll € FF4[x] such
that

w—1
QU =W -y ¢gmp Y. (33)

c=0
Therefore, polynomial Q) can be written as Q©) =
Zé”;ol gEO)M(()fQ‘”, where géo),gio),...,gffll € F4[x]. Any

polynomial Q in the module defined by M1 can be
expressed as an IF;[x]-linear combination of My,l;l) : O

The basis reduction complexity is determined by the
weighted degree of the maximum polynomial in the submod-
ule basis [30]. Since @™ is reduced from M ™) its weighted
degree is not greater than that of M) | Therefore, for the
basis reduction of M (#=1), performing it as in (26) has lower
complexity than performing it as in (25).
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IV. DECODING COMPLEXITY ANALYSIS

This section analyzes the complexity of the proposed PASD
approach. Since the finite field multiplications dominate the
arithmetic operations, the complexity is measured as the
number of finite field multiplications in a decoding event.

A. Theoretical Analysis

Since PASD can succeed with fewer interpolation con-
straints and terminate early, we analyze its complexity for
a given number of progressive iterations. Let ¢ denote the
number of progressive iterations in a decoding event. At the
¢-th progressive iteration, complexity of the progressive BR
interpolation can be characterized as follows.

Lemma 8: The complexities of the basis construction and
reduction are O(&w?n?) and O(&w?n3), respectively.
Proof: The basis construction involves computing T, _1 .,

-1) -1 (u=1)
Kg(u,l), and Mfﬁc ). Since deg, HZ:O(x —0p)%e < Ew?,

deg, TTo<p<c-1(y — B;S?) < ¢w® and deg, TTo<p<c1(y —
Béluc)) < w — 1, computing T;,_1 . exhibits a complexity of
0(62712). As L[n],j
has a complexity of O(n?). Because deg, 9@6 <¢n/w-—

u
-1
1), degy GL(:,J)C < ¢(w—1) and deg, 91(;)6 < &1, M,(;,‘C )

can be determined with a complexity of O(§5 wnz). Therefore,
the complexity of basis construction is O(&®w?n?).

With the MS algorithm, the basis reduction complexity is
mainly determined by the maximum weighted degree of the
module basis polynomial [30]. The basis reduction complexity
can be bounded by O(&3w34?), where v is the maximum
weighted degree of the module basis polynomial. Since ¢ =
O(&wn), the basis reduction complexity is O(Ew?n3). O

The prototype ASD constructs the interpolation module with
respect to M. Therefore, complexity of ASD is obtained by
replacing the factor ¢ in the above complexity formulation
with #. Since the basis reduction complexity dominates the
overall complexity and { < 7, the proposed PASD reduces
the complexity by a factor of 1 — (&/#)°. Note that at the &-
th progressive iteration, complexity of root-finding is O(Zkn).
Therefore, although the PASD may perform multiple basis
reduction and root-finding, this extra cost can be compensated
on average by the reduction in the number of progressive
iterations required under better channel conditions.

can be pre-computed, computing K -1

B. Numerical Results

Our simulations were conducted over the additive white
Gaussian noise (AWGN) channel using binary phase shift
keying (BPSK) modulation. For the PASD, the multiplicity
matrix M is generated using Algorithm A of [17] that is
parametrized by a predefined decoding OLS [ [19]. The
PASD is compared with the prototype ASD of [19], the
ReT-based ASD (marked as ASD (ReT)) and its improved
variant (marked as ASD (I-ReT)) of [21]. Note that under im-
proved channel condition, the ASD (I-ReT) can employ more
re-encoding points, resulting in a greater complexity reduction.
The four decoding algorithms employ BR interpolation.

TABLE I
COMPARISON OF THE ASD AND PASD IN DECODING THE (64, 49)
HERMITIAN CODE WITH [ = 4

SNR Avg. Dec. Complexity Avg. Tter.
(dB) ASD PASD (PASD)
4 5.44 x 10° 5.45 x 10° 5.15
5 3.58 x 10° 1.52 x 106 3.45
6 3.12 x 10° 3.54 x 10° 2.40
7 1.85 x 10° 1.25 x 10° 2.02
8 1.03 x 10° 9.59 x 10* 2.00
TABLE II
AVERAGE COMPLEXITY IN DECODING THE (64, 49) HERMITIAN CODE
WITH [ =4

iﬁgl} ASD (ReT) ASD (I-ReT) PASD
4 2.63 x 10° 2.68 x 10° 5.45 x 10°
5 1.57 x 10° 1.67 x 10° 1.52 X 10°
6 1.18 x 100 1.07 x 106 3.54 X 10°
7 7.82 x 10° 452 x 10° 1.25 x 10°
8 4.03 x 10° 1.63 x 10° 9.59 x 10*

Table I compares the decoding complexity of the prototype
ASD and the proposed PASD for the (64, 49) Hermitian code
with [ = 4. At low signal-to-noise ratio (SNR), the two
algorithms exhibit similar complexity. As the SNR increases,
complexity of both algorithms decreases. This reduction is
more pronounced for PASD as it requires fewer progressive
iterations. This is also evidenced by the numerical results that
show the average number of progressive iterations in different
SNRs. Note that since the multiplicity assignment follows
Algorithm A of [17], the PASD rarely succeeds at the first
progressive iteration. At high SNR, the decoding tends to
succeed at the second progressive iteration.

Table II compares the complexity of the proposed PASD
with that of the two ReT-facilitated ASD. In this table, the
best-performing algorithm for each SNR is highlighted in
grey. At low SNR, both ReT-facilitated ASD yield a lower
complexity than the PASD, since the PASD typically requires
the maximum number of progressive iterations. However, as
the SNR increases, the complexity advantage of the PASD
becomes evident. This is because ReT reduces complexity
at the level of n by extracting common factors. In contrast,
based on Lemma 8, PASD reduces the number of progressive
iterations ¢, which appears as a higher-order term in the com-
plexity characterization. This reduction has a more pronounced
impact on the complexity. Although ASD (I-ReT) also yields
a significant complexity reduction at high SNR by employing
more re-encoding points, PASD achieves a steeper decline
starting from a lower SNR. Note that our recent research has
shown that the ReT can be incorporated with the proposed
PASD to further reduce the decoding complexity. Due to space
limits, this combination is not covered in this manuscript.
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